Abstract-In this paper we introduce and study the concept of a bornological semigroup. This generalizes the theory of algebraic semigroup from the algebraic setting to the framework of bornological set. Working with bornological set allows to extend the scope of the latter theory considerably. In this paper we develop and introduce the concept of bornological semigroup and fundamental construction in the class of bornological semigroup and study some of their basic proprieties.
I. INTRODUCTION
In mathematics, particularly in functional analysis a bornological space is a type of space which, in some sense, possesses the minimum amount of structure needed to address questions of boundedness of sets and functions. For the first time in 1977, H.Hogbe-Nlend [4] introduced the concept of bornology on a set and study some bornological constructions. A bornology on X is a family β of subsets of X satisfying certain axioms. The elements of β are called bounded subsets of X. Starting year 2012 the researchers began to study algebraic structures (group,ring, module, field) on bornological sets, ( see [3] , [5] , [6] ). A bornological group is a mathematical object with both an algebraic and a bornological structure. Thus, one may perform algebraic operations, because of the group structure, and one may talk about bounded linear map, because of the bornology. Bornological groups with bounded group actions, are used to study bounded symmetries which have many applications, for example, in physics. But the problem is a lot of abstract algebra groups unable to extend by the concept of bornological sets. our interest in this paper is to solve this problem by give the concept of bornological semigroups. However to make algebraic structure semigroup into a bornological semigroup is much more interesting. Let S be a semigroup. To understand what conditions should be imposed on β to guarantee that the bornology on S will turn S into bornological semigroup given a semigroup, what are the ways to bornologizes this algebraic structure? Of course, this informal question can be given different formal interpretation, for example, we look for bornologies which would make S into a bornological semigroup, a bornological moniod. This paper deals with the problem of description of bornological semigroups and study fundamental construction in the class of bornological semigroups and study basic properties of bornological semigroups, the category of bornological semigroups. Motivation to introduce the concept of bornology and its relations with the fundamental results of functional analysis have been given in [4] . Most of fundamental concepts on bornological sets used in the paper are taken from this monograph.
II. BORNOLOGICAL STRUCTURES
Let us begin with the definition of a bornology.
Definition II.1. Let X be a set. A bornology on X is a family β ⊂ P(X) such that:
(ii) β is hereditary under inclusion, i.e. for all A ∈ β and B is a subset of X contained in A, then B ∈ β;
(iii) β is stable under finite union, i.e.
A pair (X, β) consisting of a set X and a bornology β on X is called a bornological set, and the elements of β are called the bounded sets.
The set P(X) has the structure of a boolean algebra with respect to the operations , and the complementation
Thus the definition of a bornology on X is equivalent to the request that the collection β ⊂ P(X) is an ideal of P(X) that contains the ideal of F(X) defined by the finite subsets of X. So, the family of bornologies over a set X is in one-to-one correspondence with the ideals of the quotient algebra P(X)/F(X).
For any collection S ⊂ P(X) there is a minimal bornology β on X such that S ⊂ β, that is the smallest ideal of P(X) that contains the ideal generated by S and F(X). This bornology is called the bornology generated by S and is denoted by S , while S is said to be a bornological pre-basis of S . Definition II.2. A base of a bornology β on X is any subfamily β 0 of β such that every element of β is contained in an element of β 0 . A family β 0 of subset of X is a base for a bornology on X if and only if β 0 covers X and every finite union of elements of β 0 is contained in a member of β 0 .
Example II.1.
1) Let X be a finite set and β = 2 X . Then (X, β) is a bornological set.
2) Let X = R n with Euclidean norm, i.e. ,
be the disk of the radius r with the center at a = (a 1 , a 2 , ...a n ). A subset A of R n is called bounded if there exists a disk D r (a) such that A ⊆ D r (a). Let β be a family of all bounded subsets of R n . Then (R n , β) is a bornological set.
Remark II.1. A discrete topology on a set X is a bornology on X. Also the bounded sets in a metric space form a bornology.
The following theorem can be easily proved.
Theorem II.1. Let I be a non-empty set, (X i , β i ) i∈I be a family of bornological sets indexed by I and X be a set. Suppose that, for every i ∈ I, a map u i : X −→ X i is given. Consider the set β of all subsets A of X having the following property:
then β is a bornology on X.
Definition II.3. The bornology β on X defined by the theorem above is called the initial bornology on X for the maps u i .
Definition II.4. Let (X i , β i ) i∈I be a family of bornological sets indexed by a non-empty set I and let X = i∈I X i be the product of the set X i . For every i ∈ I, let p i : X −→ X i be the canonical projection. Then the product bornology on X is the initial bornology on X for the maps p i . The set X, endowed with the product bornology is called the bornological product of the spaces (X i , β i ).
Definition II.5. Let X and Y be two bornological sets and U : X → Y . We say that U is a bounded map if the image under U of every bounded subset of X is bounded in Y .
It is clear that the set theoretic composition of two bounded maps is a bounded map, so we can define the category of bornological sets, denoted by Born with objects bornological sets and arrows bounded maps.
Definition II.6. If (X, β) is a bornological set and A ⊆ X. Then A is unbounded set if X − A is bounded.
III. BORNLOGICAL SEMIGROUPS
This section contains the main results of the paper. We introduce the definition of bornological semigroup and study basic properties of the bornological semigroups.
Definition III.1. A bornological semigroup is a set S with two structures: 1) S is a semigroup with a binary operation f ; 2) S is a bornological set such that the two structures are compatible as follows the function f :
Example III.1. Let us consider S = (N, +) be a semigroup. Let β be the family of all subsets of N. Then N is a bornological semigroup.
Definition III.3. A bornological moniod is bornological semigroup with identity.
Remark III.1. A morphism of bornological semigroups is a semigroup homomorphism which is also a bounded map.
A morphism of bornological semigroup f : (S, β S ) → (H, β H ) is a bounded semigroup homomorphism if the image under f of every bounded subsemigroup of S is bounded. It is clear that the composition of two bounded semigroups homomorphisms is a bounded semigroups homomorphism, so we can define the category of bornological Abelian semigroup, denoted Born(SG) with objects bornological semigroups and arrows bounded semigroup homomorphisms. For a group G, the inverse mapping In : G −→ G is defined by In(x) = x −1 , for each x ∈ G. Therefore the concept of bornological group is naturally defined as follows.
Definition III.4. A bornological group is a set G with two structures:
Such that the two structures are compatible, i.e. they satisfy the following conditions:
for each g ∈ G is bounded.
Boundedness conditions above are equivalent to the following condition: the function f :
for each g 1 , g 2 ∈ G is bounded.
Remark III.2. Any finite semigroup is a bornological semigroup in the discrete bornology.
Example III.2. 1) Let G be an arbitrary group (semigroup), and let β be the family of all subsets of G, i.e. the discrete bornology of G. With this bornology, G is a bornological group (semigroup). 2) Consider the additive group (Z, +) and β is a bornology on Z generated by the half line {n ∈ Z : n ≤ a} it is clear β is a bornology on Z. Now we have to prove that β is a semigroup bornology. Let show the condition of semigroup bornology holds, i.e. we should prove that f : Z × Z −→ Z is bounded. For any two bounded subsets A, B ∈ β we have that A, B ⊂ (−∞, a]. Then A + B ⊂ (−∞, a] and A + B ∈ β, i.e. (Z, +) is a bornological semigroup. However, (Z, β) is not a bornological group since the inverse operation x −→ −x is not bounded.
3) The additive group (R, +) and β be the bornology on R generated by the sets [a, b) = {x ∈ R : a ≤ x < b} where a, b ∈ R and a < b, with this bornology, and the natural addition in the role of multiplication, R is a bornological semigroup. However, (R, β) is not a bornological group since the inverse operation x −→ −x is not bounded.
4)
The multiplicative group (C * , ·), endowed with the bornology induced by the usual bornology on C it is bornological semi group but it is not bornological group since the inverse operation x −→ x −1 is not bounded.
Theorem III.1. Let (S, β) be an additive bornological semigroup and f : S −→ H be an epimorphism of semigroups. Then
is a semigroup bornology on H.
Proposition III.1. Let S be a semigroup and (β i ) i∈I be any family of semigroup bornologies over S, then i∈I β i is a semigroup bornology on S.
Proof: We know that β = i∈I β i is a bornology, we must show that it also is a semigroup bornology. Let B, C ∈ β, then B, C ∈ β i for any i ∈ I and so B + C ∈ β i since β i are semigroups bornology. Then B + C ∈ β.
Proposition III.2. Let S be a semigroup and β a bornology on S. Then β is a semigroup bornology if and only if there exists a base β 0 = {B i : i ∈ I} for β such that for any i, j ∈ I ∃k ∈ I, B i + B j ⊂ B k .
Proof: If β is a semigroup bornology then B i + B j is bounded and hence must be contained in an element of the base by Definition II.2. On the other hand, if β has a base then for any two bounded subsets A 1 , A 2 ∈ β we have that A 1 ⊂ B i1 and A 2 ⊂ B i2 for some i 1 , i 2 ∈ I. Then A 1 + A 2 ⊂ B i1 + B i2 ⊂ B k for some k, which shows that multiplication is bounded map.
IV. BORNOLOGICAL SEMIGROUP CONSTRUCTIONS
In this section we give some methods for constructing new bornologies from given ones.
Theorem IV.1. Let (X, β) be a bornological set and Y ⊆ X. Then the collection β Y = {B = V Y : V ∈ β} is a bornology induced on Y by (X, β).
Definition IV.1. The bornology β Y on Y defined by Theorem IV.1 is called the relative bornology on Y .
Remark IV.1. Every bounded subset of Y is also a bounded subset of X.
Theorem IV.2. Let (S, β) be a bornological semigroup and let H be subsemigroup of S. Then the collection β H = {V H : V ∈ β} is a semigroup bornology on H.
Proof: We know that β H is a bornology on H by Definition IV.1. We must show that β H is a semigroup bornology on H, i.e., A, B ∈ β H implies A + B ∈ β H . Indeed, since A = V H, V ∈ β then A ⊆ V therefore A ∈ β. And the same reason B ∈ β. Hence A + B ∈ β and since H is a subsemigroup of S therefore A + B ⊆ H. Moreover, A + B = (A + B) ∩ H and A + B ∈ β H . Example IV.1. Let us consider (N, +) where N is the set of all natural numbers with the discrete bornology is a bornological subsemigroup of (R, +) with the usual bornology which is a bornological semigroup.
Remark IV.2. (i) Every subsemigroup of bornological
semigroup, endowed with subset bornology is again a bornological semigroup. (ii) If S is any bornological semi group and H is a bornological subsemigroup of S, It is clear that every bounded subset of H is also a bounded subset of S, i.e, β H ⊆ β, and every subsemigroup of discrete space is discrete space.
Proposition IV.1. Let W ⊆ H ⊆ S. Then if β W S is the semigroup bornology on W with respect to (S, β) and β W H is the semigroup bornology on W with respect to (H, β H ).
Proof: Let β W H be a semigroup bornology defined on W from β H and β W S be a semigroup bornology defined on W from β. We show that β W H = β W S . Let B ∈ β W H , i.e., B = B W for B ∈ β H . Since (H, β H ) is a bornological subsemigroup of (S, β) we have B = B H, where B ∈ β. Then
Therefore, B ∈ β W S , i.e.,
Let us V ∈ β W S . Then there exists V ∈ β such that
Therefore (1) and (2) imply
Proposition IV.2. Let (H, β H ) be a bornological subsemigroup of bornological semigroup (S, β) and let β 0 be the base of the semigroup bornology β. Then β 0 = {B H : B ∈ β 0 } is a base of the semigroup bornology β H Proof: Let A be a bounded subset of β H , i.e. A = V H, V ∈ β, H subsemigroup of S, since β 0 is a base for β (by hypothesis), that implies V ⊆ B for some B ∈ β 0 (by Definition II.2). Therefor A = V H ⊆ B H. Then β 0 is a base for β H . Proposition IV.3. Let I be a non-empty set, (S i , β i ) be a family of bornological semigroups indexed by I and S be a semigroup. Suppose that, for every i ∈ I, a map u i : S → S i is given. Then the initial bornology β is a semigroup bornology on S.
Proof: Let A, B ∈ β to prove the initial bornology β on S is a semigroup bornology we must satisfy that A + B ∈ β. Since u i (A), u i (B) is bounded in S i by Definition II.3, for every i ∈ I , and β i is semigroup bornology on S i such that u i is homomorphism, so u i (A) + u i (B) = u i (A + B) ∈ β i . Then A+B ∈ β, i.e. the initial bornology β on S is semigroup bornology.
Remark IV.3. Let H be a bornological semigroup and let S be endowed with the initial bornology for every i ∈ I for the maps u i . Then a map u : H −→ S is bounded if and only if u i • u is bounded.
The most important particular case of initial bornologies is product bornologies. Let as describe briefly the mach more general operation of bornological product of an arbitrary family of bornological semigroup.
Theorem IV.3. Suppose that {S i , i ∈ I} is a family of bornological semigroups, for each i ∈ I, S = i∈I S i is the Cartesian product of the sets S i with the product bornology. Then S is also a bornological semigroup.
Proof: For every i ∈ I, let p i : S i * S i −→ S i be the product operation in the semigroup S i , and p : S * S −→ S the product operation in S. Clearly, the mapping p can be represented as the Cartesian product of the mapping p i : it follows that p is bounded. Therefore S is a bornological semigroup.
The bornological semigroup S from Theorem IV.3 is called the bornological product or direct product of the family {S i , i ∈ I}. Now we try to describe to the reader the details of the product and coproduct in the category of bornological abelian semigroups Born(SG). Product are easy to handle because the products in Born(SG) is just the set theoretic product with the product bornology. So i∈I (S i , β i ) = i∈I S i with the bornology generated by the family
is the direct product of a family of objects in Born(SG). Moreover we can describe the coproduct in Born(SG), by endowing ⊕ i∈I S i with the bornology ⊕ i∈I β i = {B : B ⊂ ⊕ i∈I β i , B i ∈ β i , B i = 0 f or almost all i ∈ I}. In this setting we have that the canonical projections j : i∈I S i → S j and the canonical injections i j : S j → ⊕ i∈I S i are morphisms of bornological semigroups. Know it is interesting to describe the pullback (fiber product) giving to the set A × C B the bornology generated by the family {B 1 × C B 2 } such that B 1 is bounded in A and B 2 is bounded in B. Let A, B, C objects in Born(SG); assume thatα : A → C and δ : B → C are bounded semigroup homomorphisms. Then the pullback of this diagram is the subsemigroup of the cartesian product A×B defined by A× C B = {(a, b) ∈ A×B : α(a) = δ(b)} analogue with the morphism A × C B → C. we leave to the reader the details of the description of the poushouts in Born(SG). We need the following theorem from [4] Theorem IV.4. Let I be a non-empty set, (X i , β i ) i∈I be a family of bornological sets and X be a set. Suppose that for every i ∈ I, a map v i : X i −→ X is given and let β be the bornology on X generated by family A = ∪ i∈I v i (B i ). Then β is the finest bornology on X for which each map v i is bounded.
Theorem IV.5. Let S be a semigroup, for every i ∈ I, S i be a semigroup, β i be a semigroup bornology and the map v i be homomorphism. Then β is the semigroup bornology on S.
Proof: It is clear β is a bornology on S by Theorem IV. 4 . We have to show that it is a semigroup bornology. Let
Therefore, A + B ∈ β, i.e., β is a semigroup bornology.
Definition IV.2. The bornology β on S constructed in Theorem IV.5 is called final semigroup bornology.
Remark IV.4. Let H be a bornological semigroup and S be endowed with the final semigroup bornology for the map v i i ∈ I. Then a map v : S −→ H is bounded if and only if v • v i is bounded for every i ∈ I.
Next we give the most important cases of inductive limits and their extensions.
A. Inductive system of semigroups.
Let (S i ) i∈I be a family of semigroup. Suppose that for every pair (i, j) ∈ I × I such that i ≤ j, there exists a homomorphism u ji = S i → S j such that the system of homomorphisms (u ji ) satisfies the following conditions: (i) For every i ∈ I, u ii : S i → S i is the identity homomorphism of S i ; (ii) For every i, j, k elements of I such that i ≤ j < k we have u ki = u kj • u ji . Then the system (S i , u ji ) is called an inductive system of semigroups.
B. Inductive system of bornological semigroups.
Let I be a non-empty direct set and (S i , v ji ) be an inductive system of semigroups, indexed by I, such that for every i ∈ I, S i is a bornological semigroup with semigroup bornology β i . The system (S i , v ji ) is called an inductive system of bornological semigroups if the homomorphisms v ji = S i → S j are bounded whenever i ≤ j.
C. Inductive limit of semigroups.
Let (S i , u ji ) be an inductive system of semigroups. There exists a semigroup S and, for every i ∈ I, a homomorphisms u i : S i → S, such that:
(ii) For every semigroup H and family of homomorphisms
Then the semigroup S is unique up to isomorphism and is called inductive limit of the inductive system (S i , u ij ).
D. Inductive limit of semigroup bornologies.
Let (S i , v ji ) be an inductive system of bornological semigroups and S be the semigroup which is the inductive limit of the system. For every i ∈ I, denote by β i the semigroup bornology of S i and by v i the homomorphism of S i into S. The inductive limit semigroup bornology on S with respect to semigroup bornologies β i is the final semigroup bornology for the maps v i .
V. CONCLUSION
Bornological space is a type of spaces has minimum amount of structure we needed if we want solve problems of boundedness of sets and functions, and the applied study for this spaces is to determine the boundary. Starting year 2012 the researchers begin determine the boundaries for algebraic structures (group, ring and module) instead of set of elements, but the problem is that a lot of groups, rigs and module has been unable to extend by the concept of bornological groups, bornological rings. Moreover, every group is monoid and every monoid is semigroup but the converse is not true. our interest in this paper is to solve this problem and give the concept of bornological semigroups, bornological semi rings. My idea works in (since every group is semigroup). Then we can ignore the inverse condition in the concept of bornological groups, bornological rings by gave the concept of bornological semigroups, bornological semi rings and study fundamental construction in the class of bornological semigroups. Moreover, study basic properties of bornological semigroup, bornological semi rings. the result had been reached to solve the problem of boundedness of groups who could not be set by the issue of boundedness, through giving to the concept of bornological semigroups, bornological semi rings.
